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■ 1. Artin's neighborhood 

In this section we prove Theorem 3.2, Proposition 3.3 and Proposition 3.4 of |PaS Vj . 
The following Bertini type theorem is an extension of Artin's result [Aj Exp.XI,Thm.2.1]. 

Theorem 1. Let k be an infinite field, and let V C P£ be a locally closed sub-scheme of pure 
dimension r. Further, let V' C V be an open sub-scheme such that for each point x G V' the 
scheme V is k-smooth at x. Finally, let p\,pi, . . . ,p m G P£ be a family of pair-wise distinct closed 
, points. For a family H\(d), H2(d), . . . , H s (d), with s < r, of hypersurfaces of degree d containing 

all points p i; 1 < i < m, set Y = Hx(d) n H 2 {d) n ■ • • n H s (d). 

Then there exists an integer d depending on the family p\ , pi , . . . , p m such that if the family 

■ Hi(d), H2(d), . . . , H s (d) with s < r is sufficiently general, then Y intersects V transver sally at 
, each point ofYdV'. 

If moreover, V is irreducible (respectively, geometrically irreducible) and s < r then for the 
same integer d and for a sufficiently general family H\(d), 112(d), . . . ,H s (d) the intersection Y f~\V 
is irreducible (respectively, geometrically irreducible). 

■ Proof. Let k be an algebraic closure of k. Given a fc-scheme X, we will write X for X ®fe k. Let 
p = \\pi, let p be the corresponding scheme over k, and let qj (j = 1,2, ... , s) be all its closed 
points. 

Firstly we prove the Theorem for the case of the field k, the fc-schemes V and V' and the family 
of closed points qj (j — 1,2, ... , s). Given that we will be able to choose a sufficiently general 
hyperplanes Hi(d), H<i{d), . . . , H s (d) of the same degree d which are defined over the field k such 
that the family H\(d), H^id), . . . , H s (d) solves our problem for the fc-schemes V and V' and the 
family of closed points qj (j — 1,2, ... , s). Then, clearly, the family Hi(d), H 2 (d), . . . , H s (d) solves 
our problem for the fc-schemes V and V and the family of points P\,P2, ■ ■ ■ ,Pm- 

Now set q := Y[li an d let H C P^ be a hyperplane. Let n : P^ — * P^ be the blow up of P^ 
at q and let E = 7r -1 (q) be the exceptional divisor on Pj?. By |Ha| Ch.II, Sect. 7, Prop. 7. 10] there 
exists an integer N » such that for each c > N the invertible sheaf 0(cH — E) on 7r : P^ — > P| 
is very ample relatively to P^. Take such an integer c and set d = c+ 1. It is easy to see that the 
sheaf 0(dH — E) is very ample on P^. It follows that its global sections define a closed embedding 
Pc PL One has 

k k 

H (Pl,O(l)) = H (Pl,O(dH - E)) 

= H°(P*,*.{0(dH - E))) 
= H (Pl,n*(O(-E)) ® O(dH)) 
= H°(Pl,I(d)), 

where / is the ideal sheaf defining q in P|. These identifications of ff°(P|, O(l)), H (Pl,O(dH - 
E)) and H°(P^, 1(d)) show that the set of homogeneous polynomials of degree d vanishing at all 
points of q defines a locally closed embedding / : P^ — q <-> P£. Let L, be a hyperplane in Pf 
corresponding to a degree d hypersurface Hi (i = 1, 2, . . . , s) via the identification of i?°(P|, 0(1)) 
and H°(Pl,I(d)). 
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Set V" := V - (V n q), V" := f(V"). Then V" isisomorphic to V" and the construction of / 
implies the following: if L\ fl £2 Q • • • PI L s intersects V" transversally, then Y = H 1 fl Hi ■ ■ ■ H H s 
intersects V" transversally. Let V be the closure of V" in P^,. Now the item (i) of Theorem [Al 
Exp. XI, Thm. 2.1] applied to the pair V" C V implies our theorem with V' replaced by V" . It 
remains to consider points from V' fl q. At these points V is fc-smooth. 

If we replace the integer d by a larger one, our result is still valid with V' replaced by V" . At 
the same time, enlarging d we may achieve the following: among those hypersurfaces of degree d in 
that contain q, each one that is sufficiently general, intersects V transversally at every point of 
V fl q. This can be easily deduced from the fact that, for a sufficiently large d, the sheaf sequence 

-> I 2 (d) -> 0{d) -» (0/I 2 ){d) = O/I 2 -» 

induces an exact sequence of global sections 

H°(Pl , I 2 {d)) F°(P5, 0(d)) H°(P%, O/I 2 ) 0. 

□ 

Next we extend a result of Artin from [A] concerning existence of nice neighborhoods. The 
following notion is due to Artin [Aj Exp. XI, Def. 3.1]. 

Definition 1. An elementary fibration is a morphism of schemes p : X — » S that can be included 
in a commutative diagram 




S 



of morphisms satisfying the following conditions: 

(i) j is an open immersion dense at each fibre ofp, and X = X — Y ; 

(ii) p is smooth projective all of whose fibres are geometrically irreducible of dimension one; 
(hi) q is finite Stale all of whose fibres are non-empty. 

Using Theorem [lj one can prove the following result which is a slight extension of Artin's result 
Exp.XI,Prop.3.3]. 

Proposition 1. Let k be an infinite field, X/k be a smooth geometrically irreducible variety, 
x\, %2, . . . , x n G X be closed points. Then there exists a Zariski open neighborhood X° of the 
family {x\, X2, ■ ■ ■ ,x n } and an elementary fibration p : X° — > S , where S is an open sub-scheme of 
the projective space p dlmX - 1 , 

//, moreover, Z is a closed co-dimension one subvariety in X, then one can choose X° and p in 
such a way that p\z r\x° '■ Zf]X — > S is finite surjective. 

Proof. The proof literally follows the proof of the original Artin's result. Shrinking X may assume 
that X C A 1 * is affine and still contains the points x±,X2, ■ ■ ■ ,x n . Set x :— LL =1 £•£• Let Xq be 
the closure of X in P r . Let X is the normalization of Xq and set Y = X — X with the induced 
reduced structure. Let S C X be the closed subset of X consisting of all singular points. Then 
one has 

(i) S C Y, 

(ii) dimX = dim A = n, 

(iii) dim Y = n — 1 , 

(iv) dim S < n — 2. 

Embed X in a projective space P*. Let M be the restriction of the invertible sheaf Opt(t) to X. 
Take the sheaf M® d with the integer d from Theorem [T] Consider the embedding P* w P N via 
the full linear system of hypersurfaces of degree d in P* . By Theorem [Tj there exist hyperplanes 
Hi, H2, . . • , H n -i on such that x C Hi, L := Hi (1 H2 l~l • • • fl -ff n -i has dimension N — n + 1 
and intersects X and Y transversally. The intersection X D L is a smooth geometrically irreducible 
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curve by Theorem [TJ The intersection Y (~\ L has dimension zero. Choose one more hyperplane Hq 
in P N such that Hq intersect X n L transversally and Hq R Y fl L = 0. 

Let hi be a linear form in N + 1 variables t^, v — 1, . . . , N + 1, defining the hyperplane Hi 
in P N . Consider a rational map — ► P™" 1 sending a point [tg : ti : ■ ■ ■ : t^] to the point 
[uq : U\ : ■ ■ ■ : it n -i], where = hi(to,ti, . . . , tzv)- That morphism is a rational projection with 
the projector center C = H fl • • • PI H n _x. Let e : P' — > P N be the blow up of P N with the center 
C. Then the diagram 

(2) pn-l 




■pN ^ ! p/ 

commutes as a diagram of rational morphisms and the arrows e and tt are regular maps. Let 
X' C P' be the proper preimage of X, that is the closure of e _1 ((X-(lnC))). By the hypotheses 
made C intersects X transversally, and the morphism X' —> X is the blow up at the fc-smooth 
finite center X P\ C. The /c-smoothness means that the scheme X D C consists of finitely many 
points, and their residue fields are finite separable field extensions of k. 

Identify X' := X - (X n C) with an open subscheme of X' . Let Y' := X' ~ X' be the closed 
subscheme of X' with the reduced subscheme structure. We claim that on the diagram 

(3) X 1 X' ^ — Y' 




there exists an open neighborhood V of the point v = f'(x) such that the restriction of the diagram 
((3|) to V satisfies the conditions (i), (ii), (Hi) of Definition [TJ If this claim is true, it completes the 
proof of the Proposition. We proceed to verify it. 

The condition (i) is trivial. To obtain (ii), note that XDL is a A:-smooth geometrically irreducible 
curve by the hypotheses. It follows that the morphism ((/')" (v)) — > X fl L induced by e is 
biunivoque. Whence (f')~ 1 (v)) re d — > X n L is bijective. To check that /' is smooth over a 
neighborhood of v, it suffices by a Lemma of Hironaka [SGAI1 Exp. II, 2.6] to verify that /' is 
smooth at a generic point of At that point X' is isomorphic to X and the morphism is 

smooth, since L intersects X transversally. 

It remains to prove that g' is etale over a neighborhood of v. It is clear that each fibre of g' 
is non-empty since dimy = n — 1. One has X P\ C — YlPi scheme-theoretically, where Pi are 
points on X such that their residue fields are separable finite extensions of k. One has Y' = 
e_1 (^) LI -Dill • • • >1I where Di = e^ 1 (p i ) = P^p 1 )- For each index i the restriction of g' to 
^kip 1 ) coincides with the morphism P^p 1 ) — > PJJ _1 induced by the field extension k(pi)/k. All 
these field extensions are finite separable. Whence the morphism P^" 1 ) — ► Pfe -1 is etale. Clearly, 
one has 

q\Yoe\ e - 1{Y) =g'\ e - HY) :e- 1 (Y)^P n - 1 

and e\ e -i(Y) ■ ^ 1 (Y) — > Y is an isomorphism. The morphism q\y : Y — > P™ _1 is etale over a 
neighborhood of v, since L intersects Y transversally. Whence g' is etale over a neighborhood of 
v. 

In addition, we may choose H 0} Hi, . . . , H n -i such that Hq Pi Hi D • • • fl D Z = 0. In 

that case Z C X' and the morphism f'\z '■ Z — > P"" 1 is finite surjective. As a consequence the 
morphism /'|(/')-i(y) n z : H Z ^ ^ is finite surjective too. 

□ 
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Proposition 2. Let p : X — > S be an elementary fibration. If S is a regular semi-local scheme, 
then there exists a commutative diagram of S -schemes 

(4) X - -X- Y 



A 1 x S > P [ xS * {oo} x S 

such that tt is finite surjective, Y = 7r _1 ({oo} x S) set-theoretically, and the left hand side square 
is Cartesian. Here j and i are the same as in Definition]]^ while pr s o7r = p, where pr s is the 
projection A 1 x S — > S . 

In particular, tt : X — > A 1 x S is a finite surjective morphism of S-schemes, where X and 
A 1 x S are regarded as S-schemes via the morphism p and the projection pr^, respectively. 

Proof. To prove this Proposition it suffices to construct a finite surjective S-morphism tt : X — > 
P 1 x S such that Y = 7r _1 ({oo} x S) set-theoretically. To do that, we first note that, under the 
hypotheses of the Proposition, Y C X is an effective Cartier divisor. We will construct a desired 
7f using two sections to and t\ of the sheaf 0(nY) for a sufficiently large n. Assume that to and 
ti are such that the vanishing locus of to is nY and the vanishing locus of t\ does not intersect Y . 
Then the pair to,t\ defines a regular map <p := [to : t\\ : X — * P 1 . Set n — {<p,p) : X — > P 1 x S. 
Clearly, tt is an S'-morphism of the i'-schemes. It is a projective morphism since both S-schemes 
are projective S'-schemes. It is a quasi-finite surjective morphism. In fact, for each point s € S the 
morphism tt induces a non-constant morphism X s — > P] of two A;(s)-smooth irreducible projective 
fc(s)-curves. Thus tt is finite surjective as a quasi-finite projective morphism. It remains to find an 
appropriate integer n and two sections to and t\ with the above properties. 

Firstly, for each point s of the scheme S set X s := (tt)~ 1 (s) scheme-theoretically and note that 
X s is a /c(s)-smooth irreducible projective fc(s)-curve. The morphism 7f is smooth. In particular, it 
is flat. Whence the function s i— > x{X s ,0-jf ) is constant by Corollary |Mu| Ch.II, Sect. 5, Cor. I]. 
The latter means that the genus g(X s ) is the same for all points s S S. Set g — g(X s ). 

Assume that n > 2g - 1, then h (X s , 0^ 3 (jiY s )) = x(A s , 0^ s (nY s )) = n - g + 1. Let £ n := 
p*(Ox s (riY s ))). By Corollary [Mul II, Sect.5, S Cor.l] and Lemma ^uj II, Sect.5, Lem.l] the sheaf 
£ n on S is locally free of rank n — g + I, and for each point s £ S one has £ n <8>e> s k(s) = 
H°(X s> Ox s {nY s )). 

Let s = Osi, where Si are all closed points of the semi-local scheme S. Let k(s) = Y[k( s i)i 
where k(si) is the residue field of the point Si. Consider a commutative diagram 

(5) H°(S, E n ) H Q (X, O^nY)) 



£ n ®o.sHs) c -^^H (X s ,O^ s (nY s )), 

where a, (3 and can are the canonical homomorphisms. As it was mentioned in the previous 
paragraph, the map can is an isomorphism. The map a is surjective, since s is a closed subscheme 
of an affine scheme S. Whence the map (3 is surjective. 

For each s; G s the curve X Si is a smooth geometrically irreducible curve of genus g. Whence 
there exists an integer n such that for each n > n the sheaf Oj^ (nY s ) is very ample. By the 
Bertini type theorem [3 Exp.XI,Thm.2.1] there exists for any i a section t\.i of (nY Si ) that 
does not vanish on Y Si . By the surjectivity of [3 we may choose a section t\ of 0^(nY) such that 
0{ti)\x = ti.i for any i. The vanishing locus of t\ does not intersect Y s , whence it does not 
intersect Y. Clearly, t\ is the desired section of 0^(nY). It remains to take for to a section of 
Oj((nY) with the vanishing locus nY. 

□ 
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2. Equating group schemes 
The following result is Proposition 9.1 of [PaSVj . 

Proposition 3. Let S be a regular semi-local irreducible scheme and let G\, G 2 be two semi-simple 
simply connected S-group schemes which are twisted forms of each other. Further, let T C S be 
a closed subscheme of S and if : Gi\t — * G2\t be an S-group scheme isomorphism. Then there 
exist a finite etale morphism S —> S together with a morphism S : T — > S of schemes over S, and 
a S-group scheme isomorphism $ : 7r*Gi — -> 7r*G 2 such that #*($) = tp. 

Since the proof of the Proposition is rather long we first give an outline. Clearly, G\ and G2 are 
of the same type. By [SGA31 Vol.153, Exp. XXIV, Cor. 1.8] there exists an S-scheme Isoms{G\,G2) 
representing the functor that sends an S-scheme W to the set of all W-group scheme isomorphisms 
from W Xs G\ to W Xs G 2 . The isomorphism <p from the hypothesis of Proposition [3] determines 
a section S : T — » Isoms(Gi, G2) of the structure map Isoms(Gi, G2) — > S. By Lemmas [3] and [T] 
below there exists a closed subscheme 5 of Isoms{G\, G2) which is finite etale over S and contains 
S(T). So, we have a commutative diagram of S-schemes 




such that the horizontal arrows are closed embeddings. Thus we get an isomorphism $ : n*(Gi) — > 
7r*(G 2 ) such that <$*($) = (p. 

The precise proof of the Proposition requires some auxiliary results and will be postponed till 
the very end of the Section. Clearly, G\ and G2 are of the same type. Let Go be a split semi-simple 
simply connected algebraic group over the ground field k such that G\ and G2 are twisted forms 
of the S-group scheme S x Spec ( k ) Go- Let Aut k {Go) be the automorphism scheme of the algebraic 
fc-group Go- It is known that Autk(Go) is a semi-direct product of the algebraic fc-group Gg d and 
a finite group, where Gg d is a group adjoint to Go- Also, Autk(Go) is a smooth affine algebraic 
fc-group (for example, by [SGA31 Vol.153, Exp.XXIV, Cor.1.8]). Set for short Aut := Aut k (G ) 
and Auts for the S-group scheme S x s P ec(k) Aut. 

Consider an S'-scheme Isoms(Go.s, G2) constructed in |SGA3[ Vol.153, Exp.XXIV, Cor.1.8] and 
representing a functor that sends an S'-scheme W to the set of all M^-group scheme isomorphisms 
(f2 ■ W Xs Go,s — > W x s G 2 . Similarly, consider an S-scheme Auts{G2) constructed in |SGA3[ 
Vol.153, Exp.XXIV, Cor.1.8] and representing a functor that sends an S-scheme W to the set of 
all IV-group scheme automorphisms a : W x$ G2 ^> W x s G2- 

The functor transformation (if2, ag) > tp 2 o a^ 1 defines an S-scheme morphism 

Isom s (G ,s, G 2 ) x s Aut s -* Isom s (G ,s, G 2 ) 

which makes the S-scheme /sotos(Go j s, G2) a principal right Aitis-bundle. The functor transfor- 
mation (/?2, ^2) * P2 ^2 defines an S-scheme morphism 

Aut s (G 2 ) x s Isom s (G ,s, G 2 ) -> Isom s (G ,s, G 2 ) 

which makes the S-scheme Isoms{Go t s, G2) a principal left G2-bundle. 

Similarly, the functor transformation (ax, tpi) <— > ot\ oipi makes the S-scheme Isoms(G\ 1 Go.s) a 
principal left Auts-hxm&\e and the functor transformation (ipi, Pi) 1— > ipi o /3i makes the S-scheme 
Isoms(Gi,Go,s) a principal right Gi-bundle. 

Let 2-Pr be a left principal G 2 -bundle and at the same time a right principal Aut s-bundle such 
that the two actions commute. Let iP± be a left principal Auts-bundle and at the same time a 
right principal Gi-bundle such that the two actions commute. Let Y be a fc-variety equipped with 
a left and a right Aut k- actions which commute. Then the fc-scheme 

( 2 iV) xs(V s ) XsOPx) 
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is equipped with a left Autk x Auifc-action given by (a 2 , oii){p 2 , ViPi) = {p2Ct 2 , ct 2 ycti , aipi). 
The orbit space does exist (it can be constructed by descent). Denote it by 2 Y\. We now show 
that it is an S'-scheme. Indeed, the structure morphism Y — > Spec(k) defines a morphism 

( 2J Pr) X S (y S ) X S (jPi) - ( 2 P r ) X S OA) 

respecting the Awtfc x Aw^-actions on both sides. Thus it defines a morphism of the orbit spaces 

2*1 - ( 2 Spec(fc)i) = 5. 

The latter equality holds since (2P-) xj (zPi) is a principal left Aut x Aut-bundle with respect the 
left action given by (a 2 , cti)(p 2 ,pi) = (j> 2 oq x , 

The construction Y 2 Yi has several nice properties. Namely, 

(i) it is natural with respect to fc-morphisms of k- varieties Y — > Y' commuting with the given 
two-sided Aut x Aut-actions on Y and Y', 

(ii) it takes closed embeddings to closed embeddings, 

(iii) it takes open embeddings to open embeddings, 

(iv) it takes fc-products to ^-products, 

(v) locally in the etale topology on S, the S'-schemes Ys and 2 Yi are isomorphic. 

Set 2 P r = Isoms(Go,s,G 2 ) and iP\ — Isoms{G\, Go,s)- The functor transformation ((f 2 ,a, ipi) 1— > 
Lp 2 o a o gives a morphism of representable S'-functors 

Jsom s (G 0! s, G 2 ) xs(Auts) x s Isoms(Gi,G ,s) ^ Isom s {Gi, G 2 ). 

The equality 

93 2 o a o = (ip 2 o a^ 1 ) ( a 2 o a o a!i~ ) ( a i Vi) 
shows that the morphism $ induces a morphism l> : 2 (Auts)i — ► Isoms{G\, G 2 ). 

Lemma 1. T/ie S -morphism 

$ : 2 (Aui s )i Isom s (G 1 ,G 2 ) 

is an isomorphism. 

Proof. It suffices to prove that $ is an isomorphism locally in the etale topology on S. The latter 
follows from the property (v). □ 

Now let Go and Aut be as above. There is a closed embedding of algebraic groups p : Aut ^ 
GLy t k for an n-dimcnsional fc-vector space V. Replacing p with p © det^ 1 o p we get a closed 
embedding of algebraic fc-groups p\ : Aut SLw,k, where W — V © k. Let End := Endk{W). 
Clearly, the composition in : Aut SLwm ^ End is a closed embedding. We will identify Aut 
with its image in End. Let Aut be the closure of Aut in the projective space P(fc © End). Set 
^Izrfoo := Aut — Aut regarded as a reduced scheme. So, we get a commutative diagram of k- varieties 

(7) Aut > -fitf. Autoo 



End — > P(fc © End) ~* P(End) 

where the left square is Cartesian. All varieties are equipped with the left Aut x Awt-action induced 
by Aut x Aut-action on the affine space k®End given by (gi, g 2 )(a, c) — (c, giag^ 1 ). All the arrows 
in this diagram respect this action. Applying to this diagram the above construction Y 1— ► 2 Yi, 
we obtain a commutative diagram of S'-schemes 

(8) 2 Aut 1 ^ 2 {A~u~i) l * 2 (i4«too)i 



2 Endi ^P(0s© 2 End 1 )^ — P( 2 Endi) 
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where the square on the left is Cartesian. 

From now on we assume that S is a semi-local irreducible scheme. Then the vector bundle 2 End\ 
is trivial. Since it is trivial, we may choose homogeneous coordinates Yi's on P(Os © 2 Endi) such 
that the closed subschemes {Y = 0} and Pi^Endx) of the scheme P(Os © 2End\) coincide and 
the S-scheme P(Os © zEndx) itself is isomorphic to the projective space . Thus the diagram 
|[8j of S-schemes and of S-scheme morphisms can be rewritten as follows 

(9) 2 Aut x ^^Aul)^ *- 2(^00)1 



{Y ? 0} J - - pf - i {Y = 0} 

where the square on the left is Cartesian. Since 2(^^00)1 = 2(Aut)i ~~ zAuti, the set-theoretic 
intersection 2{Aut)i (~l {Yq = 0} in Pg coincides with 2 (Aut oc )i. 
The following Lemma is the lemma OjPa} Lemma 7.2]. 

Lemma 2. Let S = Spec(R) be a regular semi-local scheme and T a closed subscheme of S. Let 
X be a closed subscheme ofPg = Proj(S[Yo, . . . , Ypf]) and X = X Pi Ag , where is the affine 
space defined by Y Q ^0. Let X^ = X \ X be the intersection of X with the hyperplane at infinity 
Yq = 0. Assume further that 

(1) X is smooth and equidimensional over S, of relative dimension r. 

(2) For every closed point s £ S the closed fibres of X^ and X satisfy 

dim(X oc (s)) < dim(X(s)) = r . 

(3) Over T there exists a section 8 : T — > X of the canonical projection X — > S . 

Then there exists a closed subscheme S of X which is finite etale over S and contains S(T). 

The diagram ((9|) shows that the S'-schemes X — ^Auti, X = 2(Aut)i and Xoo = 2(Autoo)i 
satisfy all the hypotheses of Lemma [5] except possibly the conditions (2) and (3). To check (2), 
observe that the diagram of S'-schemes 

(10) 2 Auh a (35rf)i -« 2(Aut oc ) 1 

locally in the etale topology on S is isomorphic to the diagram of S-schemes 

(11) Aut x S ^ (Jul) x S -< {Autoo) x S. 

This follows from the property (v) of the construction Z — ► 2^1 • Since Aut is equidimensional and 
Aut is the closure of Aut in P(End © k), one has 

dira(Aut oa ) < dmi(Aut) = dim Aut. 

Thus the assumption (2) of Lemma [2] is fulfilled. Whence we have proved the following 

Lemma 3. Assume S is a regular semi-local irreducible scheme and assume we are given with a 
closed subscheme T C S equipped with a section 5 : T — > 2 Aut\ of the structure map 2 Auti — ► S . 
Then there exists a closed subscheme S of iAut\ which is finite and etale over S and contains 
S(T). 

Proof of Proposition^ By Lemma[T]the S-schemes Isoms(Gi,G 2 ) and 2 Auti are naturally iso- 
morphic as S-schemes. The isomorphism ip from the hypotheses of the Proposition [3] determines a 
section S :T — > Isoms{G\,G 2 ) = 2 Aut\ of the structure map Isoms(Gi,G2) — 2 Aut\ — > S. By 
Lemma [3] there exists a closed subscheme S of 2 Aut\ = Isoms{G\, G 2 ) which is finite etale over S 
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and contains 5(T). So, we have morphisms (even closed inclusions) of 5-schemes 

s 




Isoms{Gi,G 2 ) 



(12) 



Thus we get an isomorphism $ : tv*(Gi) — > ir*(G 2 ) such that <$*($) = tp. 



3. HORROCKS TYPE THEOREM 



□ 



In this section we give a proof of Theorem 8.6 of [PaSVJ. 

In the Theorem, let k be an infinite field, O be the semi-local ring of finitely many points 
on a fc-smooth affine scheme X; x — {x\,x%, . . . ,x n } C Spec{0) be the set of all closed points, 
I = rii=i k(xt). Let G be a simple simply-connected O-group scheme, Gi — G <g>o I, P 1 



A 1 — A 1 



P 1 



Theorem 2. Let G 6e an simple simply connected O-group scheme. Let E be a principal G-bundle 
over P 1 whose restriction to each closed fibre is trivial, that is Epi is trivial over Pj . Then E is 
of the form: E = pr*(i?o), where Eq is a principal G-bundle over Spec(O) and pr : P 1 — > Spec(O) 
is the canonical projection. 

The proof of this Theorem is rather standard, and for the most part follows [Rlj . However, our 
group scheme G does not come from the ground field k. Therefore, we have to somewhat modify 
Raghunathan's arguments. We will use the following lemma. 

Lemma 4. Let W be a semi-local irreducible Noetherian scheme over an arbitrary field k. Let H 
and H' be two reductive group schemes over W , such that H is a closed W -subgroup scheme of 
H' , and denote by j : H H' the corresponding embedding. Denote by Pj^ the projective line 
over W . 

Let F e ^(P^.if) be a principal H-bundle, and let M := j*(F) £ ^(P^LT) be the 
corresponding principal H' -bundle. If M is a trivial H' -bundle, then there exists a principal H- 
bundle Fq over W such that pr*(Fo) = F, where pr : Pj^ — » W is the canonical projection. 

Proof. Set X = H' / 'j(H). Locally in the etale topology on W this scheme is isomorphic to the W- 
scheme W Xg pec ( fc ) H' a fc /i?o,fcj where i?o,fc and H' k are the split reductive fc-group schemes of the 
same types as H and H' respectively. By results of Haboush |Habj and Nagata |Naj (see Nisnevich 
|Nii Corollary]) the fc-scheme H' Qk /HQ : k is an affine fc-scheme. Thus X is an affine W-scheme. 
Consider the long exact sequence of pointed sets 

1 -> H(PV) ± H'{V l w ) -» X(PV) ^ hUp^h) ± hUp^h'). 

Since j» (F) is trivial, there is <p £ X{P l w ) such that d{<p) = F. 

The W-morphism tp : Pj^ — > X is a W^-morphism of a M^-projective scheme to a M^-affine 
scheme. Thus tp is "constant", that is, there exists a section s : W — > X such that tp = s opr. 
Consider another long exact sequence of pointed sets, this time the one corresponding to the scheme 
W, and the morphism of the first sequence to the second one induced by the projection pr. We 
get a big commutative diagram. In particular, we get the following commutative square 



(13) 



X(W) 

P r w 



P r w 



W) ^ H 6t( P W> H )- 

We have pr^(s) = tp. Hence 

F = d(tp) = d(pr* w (s))=pr* w (d(s)). 
Setting Fq = d(s) we see that F = pr^(fo). The Lemma is proved. 



□ 
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Proof of Theorem^ Let U = Spec(0). The [/-group scheme G is given by a 1-cocycle £ 6 
Z 1 ^, Aut), where Aut is the fc-algebraic group from Section [2] (the automorphism group of the 
split group Go from that Section). Recall that Aut = Gg d x N, where N is the finite group of 
automorphisms of the Dynkin diagram of Go, and G^f is the adjoint group corresponding to Go- 
Since Aut = Gg d x N, we have an exact sequence of pointed sets 

{1} -> H\U, Gf) -> H\U, Gg d x N) -> H 1 ^, N). 

Thus there is a finite etale morphism ir : V — > U such that Gy := G Xjj V is given by a 1-cocycle 
£v e Z\U,G a d ). 

For each fundamental weight A of Go, there is a central (also called center preserving, see |PSj ) 
representation p\ : Go — * GLy x ,k, where Va is the Weyl module corresponding to A. This gives a 
commutative diagram of fc-group morphisms 

(14) Go -GLy A , fe 

Q ad ^- *" PGLy x ,k- 

Considering the product of p\S with A running over the set A of all fundamental weights, we obtain 
the following commutative diagram of algebraic fc-group homomorphisms: 

(15) G — Ux eA GL Vx ^ 

G ad jj^ PGL Vx , h . 

Note that p is a closed embedding. This fact will be used below. 

Twisting the fc-group morphism p with the 1-cocycle £y we get an y-group scheme morphism 
pv ■ Gv — > TixeAGLi.Axi where the product is taken over V, and each A\ is an Azumaya 
algebra over V obtained from End{V\) via the 1-cocycle 9\ = {p\)*{£v) £ Z x (y, PGL Vx ). Set 
H = IIasa GLx.Ax- O ne nas 

Hom v {G v ,H) = Homu(G,R v/u (H)), 
where Ry/u is the Weil restriction functor. Thus pv determines an [/-morphism 

pu : G R v/ u{H). 

Well-known properties of the functor Ry/u imply that pu is a [/-group scheme morphism. Note 
that, since p is a closed embedding, pu is a closed embedding as well (by etale descent). 
Recall that we are given with a principal G-bundle E G H 1 (P 1 , G). The map 

( Pu ), : H^P 1 , G) - H^P^Rv/uiH)) 

produces a principal i?y/[/(iJ)-bundle (pu)*{E) over P 1 . 

By the Shapiro — Faddeev Lemma (for example, [SGA31 Exp. XXIV Prop. 8.4]), there is an 
isomorphism of pointed sets 

(16) H 1 (P 1 ,R v/u (H))^H l (P 1 x v V,H). 

Let F be a principal 7J-bundle over P 1 Xjj V corresponding to the bundle (pu)*(E) via the latter 
isomorphism. Recall that H = IIasA GL\^a x - Consider the compositions of the closed embeddings 

j:H^ l[GL Ax ^GL eAx , 

AeA 

where GLa x (resp. GL ffij 4 A ) is the F-group scheme of automorphisms of A\ (resp. ®A\) regarded 
as an CV-module. 

Recall that the original G-bundle E is trivial on P' = P 1 Xjj x C P 1 . It follows that the 
Ry/u(H)- bundle (pu)*(E) is trivial on P 1 Xjj x C P 1 . Hence the iJ-bundle F is trivial on 
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P 1 xu n^ 1 (x) C P 1 xu V. Hence the GL@a x -bundle j*(F) is trivial on P 1 xjj tt^ 1 (x). The 
T^-group scheme GL@a x is just the ordinary general linear group, since V is semi-local. Thus 
j*(F) corresponds to a vector bundle M over P 1 Xu V. Moreover, this vector bundle is trivial on 
P 1 X[/ w~ 1 (x). By Horrocks' theorem the bundle M is trivial on P 1 Xjj V. Thus j*(F) is a trivial 
GL^a x -bundle. 

Now, applying Lemma 0] to the embedding j : H GLqa x , we see that F = pr*(F ) for some 
F £ H). Since H = Y\\ e \GLi t A x and V is semi-local, the bundle F is trivial by Hilbert 

90 for Azumaya algebras. Whence F is trivial as well. The isomorphism (fiTJ)) shows that (pu)^(E) 
is trivial too. Now, applying Lemma 2] to W — U, j = p\j : G <^-> R V / U (H) and F — E, we see 
that there exists a principal G-bundle Bo over such that pr u (E ) = E. The theorem is proved. 

□ 
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